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The oscillation criteria of Sun and Wong [Y.G. Sun, J.S.W. Wong, Oscillation criteria for
second order forced ordinary differential equations with mixed nonlinearities, J. Math.
Anal. Appl. 334 (2007) 549–560] are extended to the forced second order damped elliptic
differential equation with mixed nonlinearities
N∑
i, j=1
Di
[
aij(x)D j y
]+ N∑
i=1
bi(x)Di y + C(x, y) = e(x).
When N = 1, our results include and improve those of Nasr [A.H. Nasr, Suﬃcient conditions
for the forced super-linear second order differential equations with oscillatory potential,
Proc. Amer. Math. Soc. 126 (1998) 123–125] for a forced second order superlinear
differential equation, Wong [J.S.W. Wong, Oscillation criteria for a forced second order
linear differential equations, J. Math. Anal. Appl. 231 (1999) 235–240] for a forced second
order linear differential equation, Sun and Wong [Y.G. Sun, J.S.W. Wong, Oscillation criteria
for second order forced ordinary differential equations with mixed nonlinearities, J. Math.
Anal. Appl. 334 (2007) 549–560] for a forced second order differential equation with mixed
nonlinearities. When N  2, our results are more general, and improve the oscillation
criteria of Zhuang [R.-K. Zhuang, Annual oscillation criteria for second order nonlinear
elliptic differential equations, J. Comput. Anal. Math. 217 (2008) 268–276] for a forced
second order undamped elliptic differential equation.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction and preliminaries
In asymptotic theory of partial differential equations (PDE) it is an important problem to determine whether solutions
of the equation under consideration are oscillatory or not. The aim of this paper is to establish Sun–Wong type oscillation
criteria for solutions of second order damped elliptic differential equation with mixed nonlinearities
N∑
i, j=1
Di
[
aij(x)D j y
]+ N∑
i=1
bi(x)Di y + C(x, y) = e(x) (1.1)
in Ω(r0), where x = (x1, . . . , xN ) ∈ RN , |x| = [∑Ni=1 x2i ]1/2, Di = ∂/∂xi for all i, and Ω(r0) = {x ∈ RN : |x|  r0} for some
r0  0.
Throughout this paper we shall assume that
(A1) A(x) = (aij(x))N×N is a real symmetric positive deﬁnite matrix function with aij ∈ C1+μloc (Ω(r0),R) for all i, j, μ ∈ (0,1);
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(A3) C ∈ Cμloc(Ω(r0) × R,R) with C(x,−y) = −C(x, y) for all (x, y) ∈ RN × R. Suppose that there exist functions q,qi ∈
Cμloc(Ω(r0),R), i = 1,2, . . . ,m, such that
yC(x, y) q(x)y2 +
m∑
i=1
qi(x)y
αi+1 for x ∈ Ω(r0), y > 0,
α1 > · · · > αk > 1 > αk+1 > · · · > αm > 0;
(A4) e ∈ Cμloc(Ω(r0),R).
A function y ∈ C1+μloc (Ω(r0),R) with the property aij D j y ∈ C1+μloc (Ω(r0),R) is said to be a solution of Eq. (1.1) in Ω(r0) if
y(x) satisﬁes Eq. (1.1) for all x ∈ Ω(r0). For existence of solutions of Eq. (1.1), we refer the reader to the monograph [4]. We
restrict out attention only to the nontrivial solution y(x) of Eq. (1.1), i.e., sup{|y(x)|: |x| > r} > 0 for any r  r0. A nontrivial
solution y(x) of Eq. (1.1) is called oscillatory in Ω(r0) if the set {x ∈ Ω(r0): y(x) = 0} is unbounded; otherwise it is said to
be nonoscillatory in Ω(r0). Eq. (1.1) is oscillatory if all of its solutions are oscillatory in Ω(r0).
Eq. (1.1) is important for applications in physics, biology and the glaciology, etc., see [4]. During the last decade, the
oscillation problem for a special cases of Eq. (1.1) such as the damped elliptic differential equation
N∑
i, j=1
Di
[
aij(x)D j y
]+ N∑
i=1
bi(x)Di y + C(x, y) = 0 (1.2)
has been studied extensively, e.g., see [14–25,28,29] and references therein.
When N ≡ 1, a special case of Eq. (1.1) is the familiar forced Emden–Fowler equation
y′ ′ + q(t)|y|α−1 y = e(t), t  t0  0, α > 0. (1.3)
When α > 1, Eq. (1.3) is known as the superlinear equation and when 0 < α < 1, it is known as the sublinear equation. In
1993, according to a comparison criteria of Sturm’s type due to Leighton [6], El-Sayed [3] gave an interval oscillation theorem
for Eq. (1.3) with α = 1, which depends only on the behavior of the function q(t) in certain subintervals of [t0,∞). Later,
El-Sayed’s results was simpliﬁed by Nasr [8] and Wong [13], independently, the result of which follows from “oscillation
intervals” of the function “e(t)” and Leighton’s variational principles for the associated homogeneous equation of (1.3).
More precisely, Nasr and Wong proved the following interval oscillation criterion for the Emden–Fowler equation (1.3).
Theorem 1.1. (See [8,13].) Let α  1. If for any T  t0 , there exist a1 , b1 , a2 , b2 such that T  a1 < b1  a2 < b2 and{
q(t) 0, e(t) 0 if t ∈ [a1,b1],
q(t) 0, e(t) 0 if t ∈ [a2,b2],
and if there exists a continuously differential function u(t) such that u(ai) = u(bi) = 0, u(t) ≡ 0 for t ∈ [ai,bi] and
bi∫
ai
[
θ
∣∣e(t)∣∣1−1/αq1/α(t)u2(t) − u′2(t)]dt  0 for i = 1,2, (1.4)
where θ = α(α − 1)1/α−1 with the convention that 00 = 1, then all solutions of Eq. (1.3) are oscillatory.
Note that the constant θ in (1.4) above is always greater than 1 for all α > 1, so Theorem 1.1 is a stronger form of Nasr’s
theorem, where θ is replaced by 1.
In recent years, Theorem 1.1 has been developed for various types of second order differential equations, see, for example
[1,2,7,11,26]. Very recently, employing the arithmetic–geometric inequality, Sun and Wong [12] gave some Nasr–Wong type
oscillation criteria for the second order forced differential equation with mixed nonlinearities
(
p(t)x′
)′ + q(t)x+ n∑
i=1
qi(t)|x|αi−1x = e(t), (1.5)
which seems to be the ﬁrst paper to study the oscillation of the equation of mixed type.
To motivate the formulation of our main results, we wish to quote one of the Sun–Wong theorems for Eq. (1.5).
Theorem 1.2. (See [12].) If for any T  t0 , there exist a1 , b1 , a2 , b2 such that T  a1 < b1  a2 < b2 and{
qi(t) 0, t ∈ [a1,b1] ∪ [a2,b2], i = 1, . . . ,n,
e(t) 0, t ∈ [a ,b ]; e(t) 0, t ∈ [a ,b ],1 1 2 2
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bi∫
ai
[
Q (t)u2(t) − u′2(t)]dt  0 for i = 1,2, (1.6)
where
Q (t) = k0
∣∣e(t)∣∣η0 n∏
i=1
qηii (t) + q(t),
k0 =∏ni=0 η−ηii , and η0, η1, . . . , ηn are positive constants satisfying (a) and (b) of Lemma 1 established in [12], then all solutions of
Eq. (1.5) are oscillatory.
Here, naturally, the question arises: Is it possible to extend the results of Nasr and Wong, furthermore, the Sun–Wong
type theorems, to second order PDE? As an aﬃrmative answer to this question, very recently, Zhuang [27] have given a
Nasr–Wong type oscillation criterion for the second order forced undamped elliptic differential equation
N∑
i, j=1
Di
[
aij(x)D j y
]+ q(x)|y|α−1 y = e(x), α  1. (1.7)
Inspired by the ideas of Nasr [8], Noussair and Swanson [9], Sun and Wong [12], Wong [13], in this paper, we shall
establish Sun–Wong type oscillation criteria for Eq. (1.1) which extend the results of Sun and Wong [12] to Eq. (1.1) and
improve the main theorems in Zhuang [27]. When N = 1, our results include and improve those of Nasr [8] for a forced
superlinear differential equation, Wong [13] for a forced linear differential equation, Sun and Wong [12] for a forced differ-
ential equation with mixed nonlinearities. In particular, some interesting corollaries are obtained, and several examples that
dwell upon the conditions of our results are also included.
Before proceeding, we set some notations to be used throughout this paper.
S(a) = {x ∈RN : |x| = a},
Ω[a,b] = {x ∈RN : a |x| b},
Ω(a,b) = {x ∈RN : a < |x| < b},
∇ = (D1, . . . , DN),
b(x) = (b1(x), . . . ,bN(x)),
A−1(x) denotes the inverse of the matrix A(x),
〈 , 〉 is the usual scalar product in RN ,
ν(x) = x/|x| denotes the outside normal unit vector to the sphere S(|x|),
dσ represents the integral element of the sphere S
(|x|),
λmax(x) denotes the largest eigenvalue of the matrix A(x).
Clearly, it follows from (A1) that λmax(x) > 0 for all x ∈ Ω(r0).
For any [a,b] ⊂ [r0,∞), we deﬁne the function set D(a,b) as
D(a,b) = {u ∈ C1([a,b],R): u(t) ≡ 0 for all t ∈ (a,b), u(a) = u(b) = 0}.
In order to prove our results we will need the following lemmas. The ﬁrst one is due to Sun and Wong [12], the second
one is the well-known arithmetic–geometric mean inequality which can found in Hardy et al. [5], and the last one is a
result on the maximal value of a function which can be proved by a direct computation.
Lemma 1.1. (See [12].) Let {αi}, i = 1, . . . ,m, be the m-tuple satisfying α1 > · · · > αk > 1 > αk+1 > · · · > αm > 0. Then there exists
an m-tuple (η1, . . . , ηm) with
∑m
i=1 ηi < 1 and 0 < ηi < 1 such that
∑m
i=1 αiηi = 1.
Lemma 1.2. (See [5].) It holds that
m∑
i=0
qiai 
m∏
i=0
aqii ,
where ai  0, qi > 0 with
∑m
i=0 qi = 1.
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(i) γ > 1, Xxγ + Y  γ (γ − 1)1/γ−1X1/γ Y 1−1/γ x;
(ii) 0 < γ < 1, Xxγ − Y  γ (1− γ )1/γ−1X1/γ Y 1−1/γ x.
2. Main results
In this section we formulate and prove our results. First, let us present a direct extension of [12, Theorem 1] to Eq. (1.1).
Theorem 2.1. Assume that for any r  r0 , there exist a1,b1,a2,b2 such that r  a1 < b1  a2 < b2 and{
qi(x) 0, x ∈ Ω[a1,b1] ∪ Ω[a2,b2], i = 1, . . . ,m,
e(x) 0, x ∈ Ω[a1,b1]; e(x) 0, x ∈ Ω[a2,b2]. (2.1)
If there exist u ∈ D(ai,bi) and φ ∈ C1(Ω[a1,b1] ∪ Ω[a2,b2],R+) such that∫
Ω[ai ,bi ]
φ(x)
[
Q 1(x)u
2(|x|)− 1
4
λmax(x)
∣∣H(x)∣∣2]dx > 0, i = 1,2, (2.2)
where
H(x) = u(|x|)
φ(x)
[∇φ(x) − φ(x)b(x)A−1]+ 2u′(|x|)ν(x),
and
Q 1(x) =
(
m∏
i=0
η
−ηi
i
)∣∣e(x)∣∣η0 m∏
i=1
qηii (x) + q(x),
η1, . . . , ηm are positive constants given in Lemma 1.1, and 0 < η0 < 1 with
∑m
i=0 ηi = 1, then Eq. (1.1) is oscillatory.
Proof. Suppose that y = y(x) is a nonoscillatory solution of Eq. (1.1). Without loss of generality we may assume that
y(x) > 0 for all x ∈ Ω(a0), a0  r0, where a0 depends on the solution y(x). When y(x) is eventually negative, the proof
follows the same argument using the annual domain Ω[a2,b2] instead of Ω[a1,b1]. Deﬁne
W (x) = 1
y(x)
(A∇ y)(x) for x ∈ Ω(a0).
Using (1.1) and noting that (W T A−1W )(x) λ−1max(x)|W (x)|2, we ﬁnd that W (x) satisﬁes the partial Riccati inequality
divW (x) = −C(x, y)
y
+ e(x)
y
− 〈b(x)A−1(x),W (x)〉− (W T A−1W )(x)
−q(x) −
m∑
j=1
qi(x)y
αi−1 + e(x)
y
− 〈b(x)A−1(x),W (x)〉− 1
λmax(x)
∣∣W (x)∣∣2. (2.3)
Multiplying both side of (2.3) by φ(x), we get
div
(
φ(x)W (x)
)
−φ(x)q(x) −
m∑
i=1
φ(x)qi(x)y
αi−1 + φ(x)e(x)
y
− 〈Φ(x),W (x)〉− φ(x)
λmax(x)
∣∣W (x)∣∣2, (2.4)
where Φ(x) = φ(x)b(x)A−1−∇φ(x). By the assumption, we can choose a1 > b1  a0 such that qi(x) 0 for all i and e(x) 0
for x ∈ Ω[a1,b1]. Let u0 = η−10 |e(x)|y−1 and ui = η−1i qi(x)yαi−1, where ηi > 0, i = 1, . . . ,m, are chosen to satisfy Lemma 1.1
with
∑m
i=1 ηi = 1. Then, by Lemma 1.2, we have
m∑
i=1
qi(x)y
αi−1 + |e(x)|
y

(
m∏
i=0
η
−ηi
i
)∣∣e(x)∣∣η0 m∏
i=1
qηii (x). (2.5)
Combining the above inequality and (2.4) we obtain
div
(
φ(x)W (x)
)
−φ(x)Q 1(x) −
〈
Φ(x),W (x)
〉− φ(x) ∣∣W (x)∣∣2. (2.6)
λmax(x)
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Ω(a1,b1)
φ(x)Q 1(x)u
2(|x|)dx− ∫
Ω(a1,b1)
u2
(|x|)div(φ(x)W (x))dx− ∫
Ω(a1,b1)
u2
(|x|)〈Φ(x),W (x)〉dx
−
∫
Ω(a1,b1)
φ(x)
λmax(x)
∣∣u(|x|)W (x)∣∣2 dx. (2.7)
By Green’s formula in the ﬁrst term of the right-hand side of (2.7), we have
∫
Ω(a1,b1)
u2
(|x|)div(φ(x)W (x))dx =
b1∫
a1
u2(r)
∫
S(r)
div
(
φ(x)W (x)
)
dσ dr
= −2
∫
Ω(a1,b1)
u
(|x|)u′(|x|)〈νT (x),φ(x)W (x)〉dx.
Combining this computation and (2.7) we get∫
Ω(a1,b1)
φ(x)Q 1(x)u
2(|x|)dx

∫
Ω(a1,b1)
φ(x)
〈
H(x),u
(|x|)W (x)〉dx− ∫
Ω(a1,b1)
φ(x)
λmax(x)
∣∣u(|x|)W (x)∣∣2 dx
= 1
4
∫
Ω(a1,b1)
φ(x)λmax(x)
∣∣H(x)∣∣2 dx− ∫
Ω(a1,b1)
φ(|x|)
λmax(x)
∣∣∣∣u(|x|)W T (x) − 12λmax(x)H(x)
∣∣∣∣
2
dx
 1
4
∫
Ω(a1,b1)
φ(x)λmax(x)
∣∣H(x)∣∣2 dx, (2.8)
which is a contradiction of (2.2). The proof is complete. 
The following theorem extends [12, Theorem 3].
Theorem 2.2. Assume that for any r  r0 , there exist a1,b1,a2,b2 such that r  a1 < b1  a2 < b2 and{
qi(x) 0, x ∈ Ω[a1,b1] ∪ Ω[a2,b2], i = 1, . . . ,k,
e(x) < 0, x ∈ Ω(a1,b1); e(x) > 0, x ∈ Ω(a2,b2). (2.9)
If there exist u ∈ D(ai,bi), φ ∈ C1(Ω[a1,b1] ∪ Ω[a2,b2],R+) and positive numbers δi , i = 1, . . . ,k, and ε j , j = k + 1, . . . ,m, with∑k
i=1 δi +
∑m
j=k+1 ε j = 1 such that∫
Ω(ai ,bi)
φ(x)
[
Q 2(x)u
2(|x|)− 1
4
λmax(x)
∣∣H(x)∣∣2]dx > 0, i = 1,2, (2.10)
where H(x) is deﬁned in Theorem 2.1, and
Q 2(x) = q(x) +
k∑
i=1
pi
∣∣e(x)∣∣1−1/αi q1/αii (x) −
m∑
j=k+1
p j
∣∣e(x)∣∣1−/α j q¯1/α jj (x),
with
pi = αi(αi − 1)1/αi−1δ1−1/αii , i = 1, . . . ,k,
p j = α j(1− α j)1/α j−1ε1−1/α jj , j = k + 1, . . . ,m,
and
q¯ j(x) = max
{−q j(x),0}, j = k + 1, . . . ,m,
then Eq. (1.1) is oscillatory.
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x ∈ Ω(a0). Note that (A3), (1.1) can be rewritten as
N∑
i, j=1
Di
[
aij(x)D j y
]+ N∑
i=1
bi(x)Di y + q(x)y +
k∑
i=1
[
qi(x)y
αi − δie(x)
]+ m∑
j=k+1
[
q j(x)y
α j − ε je(x)
]
 0. (2.11)
By Lemma 1.3, for x ∈ Ω(a1,b1), we get
qi(x)y
αi − δie(x) = qi(x)yαi + δi
∣∣e(x)∣∣ piq1/αii (x)∣∣e(x)∣∣1−1/αi y, i = 1, . . . ,k,
and
q j(x)y
α j − ε je(x)−
[
q¯ j(x)y
α j − ε j
∣∣e(x)∣∣]−p jq¯1/α jj (x)∣∣e(x)∣∣1−1/α j y, j = k + 1, . . . ,m.
Therefore, we can obtain from (2.11) that
N∑
i, j=1
Di
[
aij(x)D j y
]+ N∑
i=1
bi(x)Di y + Q 2(x)y  0. (2.12)
Introducing W (x) deﬁned as in the proof of Theorem 2.1, we get
divW (x)−Q 2(x) −
〈
b(x)A−1(x),W (x)
〉− (W T A−1W )(x),
which is the same as (2.6) in the proof of Theorem 2.1. The remaining argument is the same as that in Theorem 2.1, and
this completes the proof of Theorem 2.2. 
Remark 2.1. Let N ≡ 1, bi(x) ≡ 0 and φ(x) ≡ 1 in both Theorems 2.1 and 2.2, the results derive Theorems 1 and 3 in [12].
Remark 2.2. For Eq. (1.3), Theorem 2.1 extends and improves the main results of Nasr [8] and Wong [13].
Remark 2.3. Let m ≡ 1, bi(x) ≡ 0, q(x) ≡ 0, and φ(x) ≡ 1 in Theorem 2.1. Note that α1(α1 − 1)1/α1−1 > 1 for α1 > 1, so
condition (2.2) in Theorem 2.1 is more general than the condition of Theorem 1 in Zhuang [27]. Therefore, Theorem 2.1
improves and extends the main results in [27]. On the other hand, the method used in [27], starting with integration of the
Riccati equality over spheres in RN centered in the origin, covert the N-dimensional problem into a problem in one variable
and then extend Yang’s results [26] to Eq. (1.6). In this paper, our methodology is somewhat different from [27]. We believe
that our approach is more natural for PDE and provide much deeper insight into oscillation. Moreover, our theorems also
take damped terms in account.
3. Corollaries and examples
We now present some methods of constructing test function u(r) as deﬁned in Theorems 2.1 and 2.2. For case of
illustration, we consider the simple case m = 2, hence α1 > 1 > α2 > 0. Following Philos [10], we introduce a class of
functions H. Let K = {(r, s): r  s  r0}, H1, H2 ∈ C(K,R). A pair of real-valued functions (H1, H2) is said to belong to a
function set H, denoted by (H1, H2) ∈ H, if there exist functions h1,h2 ∈ C(K,R) satisfying the following conditions:
(C1) Hi(r, r) = 0 for r  r0, and Hi(r, s) > 0 for r > s r0, i = 1,2;
(C2) Hi , i = 1,2, has partial derivatives on K, and
∂
∂s
H1(r, s) = h1(r, s)H1(r, s), ∂
∂s
H2(s, l) = h2(s, l)H2(s, l).
Choose u(r) = H1(bi, r)H2(r,ai). We can obtain from Theorems 2.1 and 2.2 the following corollaries.
Corollary 3.1. Let α1 > 1 > α2 > 0, and let η0, η1, η2 be positive constants with
η0 < 1, η0 + η1 + η2 = 1, α1η1 + α2η2 = 1. (3.1)
Assume that for any r  r0 , there exist a1,b1,a2,b2 such that r  a1 < b1  a2 < b2 and{
qi(x) 0, x ∈ Ω[a1,b1] ∪ Ω[a2,b2], i = 1,2,
e(x) 0, x ∈ Ω[a1,b1]; e(x) 0, x ∈ Ω[a2,b2]. (3.2)
If there exist (H1, H2) ∈ H and φ ∈ C1(Ω[a1,b1] ∪ Ω[a2,b2],R+) such that
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Ω[ai ,bi ]
φ(x)H21
(
bi, |x|
)
H22
(|x|,ai)
{
Q¯ 1(x) − 1
4
λmax(x)
[
h1
(
bi, |x|
)+ h2(|x|,ai)]2
}
dx > 0 (3.3)
for i = 1,2, where
Q¯ 1(x) = q(x) +
(
3∏
i=0
η
−ηi
i
)∣∣e(x)∣∣η0qη11 (x)qη22 (x),
then the equation
N∑
i, j=1
Di
[
aij(x)D j y
]+ N∑
i=1
bi(x)Di y + q(x)y + q1(x)|y|α1−1 y + q2(x)|y|α2−1 y = e(x) (3.4)
is oscillatory.
Remark 3.1. η0, η1, η2 in condition (3.1) of Corollary 3.1 can be chosen. For example, η1, η2 may be
η1 = 1− α2(1− η0)
α1 − α2 , η2 =
α1(1− η0) − 1
α1 − α2 ,
where η0 can be any positive number satisfying 0 < η0 < (α1 − 1)/α1. Then, this will ensure that (3.1) holds.
Corollary 3.2. Let α1 > 1 > α2 > 0. Assume that for any r  r0 , there exist a1,b1,a2,b2 such that r  a1 < b1  a2 < b2 and{
q1(x) 0, x ∈ Ω[a1,b1] ∪ Ω[a2,b2],
e(x) < 0, x ∈ Ω(a1,b1); e(x) > 0, x ∈ Ω(a2,b2). (3.5)
If there exist (H1, H2) ∈ H and φ ∈ C1(Ω[a1,b1] ∪ Ω[a2,b2],R+) such that∫
Ω(ai ,bi)
φ(x)H21
(
bi, |x|
)
H22
(|x|,ai)
{
Q¯ 2(x) − 1
4
λmax(x)
[
h1
(
bi, |x|
)+ h2(|x|,ai)]2
}
dx > 0 (3.6)
for i = 1,2, where
Q¯ 2(x) = q(x) + α1(α1 − 1)1/α1−1δ1−1/α1
∣∣e(x)∣∣1−1/α1q1/α11 (x)
− α2(1− α2)1/α2−1(1− δ)1−1/α2
∣∣e(x)∣∣1−1/α2 q¯1/α22 (x),
0 < δ < 1, and q¯2(x) = max{−q2(x),0}, then Eq. (3.4) is oscillatory.
Corollary 3.3. Let α1 > 1 > α2 > 0, and let η0, η1, η2 be positive constants such that (3.1) holds. Assume that for any r  r0 , there
exist a1,b1,a2,b2 such that r  a1 < b1  a2 < b2 and (3.2) holds. Suppose that there exists φ ∈ C1(Ω[a1,b1]∪Ω[a2,b2],R+) with
∇φ(x) = φ(x)b(x)A−1(x) and λ(r) λ0 . Then Eq. (3.4) is oscillatory provided that, for some α > 1/2, one of the following holds,
(1)
1
(bi − ai)2α+1
∫
Ω[ai ,bi ]
(
bi − |x|
)2α(|x| − ai)2φ(x)Q¯ 1(x)dx > λ0α4α2 − 1 , (3.7)
(2)
1
(bi − ai)2α+1
∫
Ω[ai ,bi ]
(
bi − |x|
)2(|x| − ai)2αφ(x)Q¯ 1(x)dx > λ0α4α2 − 1 , (3.8)
where λ(r) = ∫S(r) φ(x)λmax(x)dσ , λ0 > 0 is a constant, and Q¯ 1(x) is deﬁned in Corollary 3.1.
Proof. For simplicity, we only prove part (1) (part (2) can be achieved in the similar way). By using the same arguments as
in the proof of Theorem 2.1 and denoting (bi − r)α(r − ai) by u(r), noting that H(x) = 2u′(|x|)ν(x) and (2.8), we have∫
φ(x)Q¯ 1(x)u
2(|x|)dx 1
4
∫
φ(x)λmax(x)
∣∣H(x)∣∣2 dx
Ω[ai ,bi ] Ω[ai ,bi ]
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bi∫
ai
λ(r)u′2(r)dr  λ0
bi∫
ai
(bi − r)2α−2
[
α(r − ai) − (bi − r)
]2
dr
= λ0α
4α2 − 1 (bi − ai)
2α+1.
Thus,
1
(bi − ai)2α+1
∫
Ω[ai ,bi ]
(
bi − |x|
)2α(|x| − ai)2φ(x)Q¯ 1(x)dx λ0α4α2 − 1 ,
which contradicts (3.7). This completes the proof. 
Corollary 3.4. Let α1 > 1 > α2 > 0, and let η0, η1, η2 positive constants such that (3.1) holds. Assume that for any r  r0 , there exist
a1,b1,a2,b2 such that r  a1 < b1  a2 < b2 and (3.2) holds. Suppose that there exists φ ∈ C1(Ω[a1,b1] ∪ Ω[a2,b2],R+) with
∇φ(x) = φ(x)b(x)A−1(x). Then Eq. (3.4) is oscillatory provided that, for some α > 1/2, one of the following holds,
(3)
1
[Λ(bi) − Λ(ai)]2α+1
∫
Ω[ai ,bi ]
[
Λ(bi) − Λ
(|x|)]2α[Λ(|x|)− Λ(ai)]2φ(x)Q¯ 1(x)dx > α4α2 − 1 , (3.9)
(4)
1
[Λ(bi) − Λ(ai)]2α+1
∫
Ω[ai ,bi ]
[
Λ(bi) − Λ
(|x|)]2[Λ(|x|)− Λ(ai)]2αφ(x)Q¯ 1(x)dx > α4α2 − 1 , (3.10)
where Q¯ 1(x) and λ(r) are deﬁned in Corollaries 3.1 and 3.3, respectively, and Λ(r) =
∫ r
r0
ds/λ(s).
Proof. We here only show part (3) (part (4) can be proved in the similar way). For Corollary 3.1, let
H1(r, s) =
[
Λ(r) − Λ(s)]α, H2(s, l) = [Λ(s) − Λ(l)].
Note that
h1(r, s) = − α
λ(s)[Λ(r) − Λ(s)] , h2(s, l) =
1
λ(s)[Λ(s) − Λ(l)] ,
and ∫
Ω[ai ,bi ]
φ(x)λmax(x)H
2
1
(
bi, |x|
)
H22
(|x|,ai)[h1(bi, |x|)+ h2(|x|,ai)]2 dx
=
bi∫
ai
H21(bi, r)H
2
2(r,ai)
[
h1(bi, r) + h2(r,ai)
]2 ∫
S(r)
φ(x)λmax(x)dσ dr
=
bi∫
ai
[
Λ(bi) − Λ(r)
]2α−2{
α
[
Λ(r) − Λ(ai)
]− [Λ(bi) − Λ(r)]}2dΛ(r)
= α
4α2 − 1
[
Λ(bi) − Λ(ai)
]2α+1
. (3.11)
From (3.9) and (3.11), we can easily ﬁnd that (3.3) holds, and hence, Eq. (3.4) is oscillatory by Corollary 3.1. This completes
the proof. 
Similar to the proof of Corollaries 3.3 and 3.4, we have
Corollary 3.5. Let α1 > 1 > α2 > 0. Assume that for any r  r0 , there exist a1,b1,a2,b2 such that r  a1 < b1  a2 < b2 and (3.5)
holds. Suppose that there exists φ ∈ C1(Ω[a1,b1] ∪ Ω[a2,b2],R+) with ∇φ(x) = φ(x)b(x)A−1(x) and λ(r)  λ0 . Then Eq. (3.4) is
oscillatory provided that, for some α > 1/2, one of the following holds,
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1
(bi − ai)2α+1
∫
Ω(ai ,bi)
(
bi − |x|
)2α(|x| − ai)2φ(x)Q¯ 2(x)dx > λ0α4α2 − 1 , (3.12)
(6)
1
(bi − ai)2α+1
∫
Ω(ai ,bi)
(
bi − |x|
)2(|x| − ai)2αφ(x)Q¯ 1(x)dx > λ0α4α2 − 1 , (3.13)
where λ0 > 0 is a constant, Q¯ 2(x) and λ(r) are deﬁned in Corollaries 3.2 and 3.3, respectively.
Corollary 3.6. Let α1 > 1 > α2 > 0. Assume that for any r  r0 , there exist a1,b1,a2,b2 such that r  a1 < b1  a2 < b2 and
(3.5) holds. Suppose that there exists φ ∈ C1(Ω[a1,b1] ∪ Ω[a2,b2],R+) with ∇φ(x) = φ(x)b(x)A−1(x). Then Eq. (3.4) is oscillatory
provided that, for some α > 1/2, one of the following holds,
(7)
1
[Λ(bi) − Λ(ai)]2α+1
∫
Ω(ai ,bi)
[
Λ(bi) − Λ
(|x|)]2α[Λ(|x|)− Λ(ai)]2φ(x)Q¯ 2(x)dx > α4α2 − 1 , (3.14)
(8)
1
[Λ(bi) − Λ(ai)]2α+1
∫
Ω(ai ,bi)
[
Λ(bi) − Λ
(|x|)]2[Λ(|x|)− Λ(ai)]2αφ(x)Q¯ 2(x)dx > α4α2 − 1 , (3.15)
where Q¯ 2(x) and λ(r) are deﬁned in Corollaries 3.2 and 3.3, respectively, and Λ(r) is deﬁned as in Corollary 3.4.
Finally, we give two examples to illustrate our main results.
Example 3.1. Consider Eq. (3.4) with
N = 2, A = I (identity matrix), b(x) =
(
− x1|x|2 ,−
x2
|x|2
)
,
q(x) = c sin |x|, q1(x) = c1, q2(x) = c2, e(x) = sin3 |x|, (3.16)
where x ∈ Ω(1), α1 = 5/2, α2 = 1/2, and c, c1, c2 are positive constants. For any r  1, let a1 = 2kπ − π/2, b1 = a2 = 2kπ
and b2 = 2kπ + π/2, where k = 1,2, . . . . We choose η0 = η1 = η2 = 1/3 so that (3.1) holds. It is easy to see that the sign
condition (3.2) in Corollary 3.3 is satisﬁed. Let φ(x) = 1/|x|. A direct computation yields that
φ(x)b(x)A−1(x) = ∇φ(x), λ(r) = 2π, Q¯ 1(x) =
[
c + 3(c1c2)1/3
]∣∣sin |x|∣∣.
Now, setting α = 1 in Corollary 3.3(1), we ﬁnd that
∫
Ω[a1,b1]
(
b1 − |x|
)2(|x| − a1)2φ(x)Q¯ 1(x)dx = 2π[c + 3(c1c2)1/3]
π/2∫
0
(
π
2
− s
)2
s2 sin s ds
= π(48− 12π − π2)[c + 3(c1c2)1/3],
and
∫
Ω[a2,b2]
(
b2 − |x|
)2(|x| − a2)2φ(x)Q¯ 1(x)dx = 2π[c + 3(c1c2)1/3]
π/2∫
0
(
π
2
− s
)2
s2 sin s ds
= π(48− 12π − π2)[c + 3(c1c2)1/3].
Therefore, when we choose that c, c1, c2 such that
π(48− 12π − π2)[c + 3(c1c2)1/3]
(π/2)3
>
2π
3
,
i.e.,
c + 3(c1c2)1/3 > π
3
12(48− 12π − π2) ,
which implies that (3.7) is satisﬁed, then, by Corollary 3.3(1), Eq. (3.16) is oscillatory.
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N = 2, m = 2, A = diag
(
1
|x| ,
1
|x|
)
, b(x) = (0,0), q(x) = c|x| sin |x|,
q1(x) = c1 sin |x|, q2(x) = − c2|x|3/2 cos |x|, e(x) = −
1
|x|2 cos |x|, (3.17)
where x ∈ Ω(1), α1 = 2, α2 = 1/2, and c, c1, c2 are positive constants. For any r  1, let a1 = 2kπ , b1 = a2 = 2kπ +π/2 and
b2 = 2kπ +π , where k = 1,2, . . . . It is easy to see that the sign condition (2.9) in Theorem 2.2 is satisﬁed. Let φ(x) = 1 and
δ1 = ε1 = 1/2. A direct computation yields that
φ(x)b(x)A−1(x) = ∇φ(x), λ(r) = 2π,
and
Q 2(x) =
⎧⎨
⎩
1
|x| [c sin |x| + c1/21 sin1/2 2|x| − 12 c22 cos |x|], x ∈ Ω(a1,b1),
1
|x| [c sin |x| + 2c1/21 sin1/2 |x|| cos |x||1/2 + 12 c22 cos |x|], x ∈ Ω(a2,b2).
For Theorem 2.2, let u(|x|) = sin2|x|. It is easy to see that∫
Ω(a1,b1)
φ(x)
[
Q 2(x)u
2(|x|)− 1
4
λmax(x)
∣∣H(x)∣∣2]dx
= 2π
π/2∫
0
{
sin2 2r
[
c sin r − c1/21 sin1/2 2r −
1
2
c22 cos r
]
− 4cos2 2r
}
dr
= 2π
[
8
15
c − c1/21 23/2B
(
5
4
,2
)
− 4
15
c22 − π
]
,
and ∫
Ω(a2,b2)
φ(x)
[
Q 2(x)u
2(|x|)− 1
4
λmax(x)
∣∣H(x)∣∣2]dx
= 2π
π∫
π/2
{
sin2 2r
[
c sin r − (2c1)1/2 sin1/2 r| cos r|1/2 + 1
2
c22 cos r
]
− 4cos2 2r
}
dr
= 2π
[
8
15
c − c1/21 23/2B
(
5
4
,2
)
+ 4
15
c22 − π
]
.
Therefore, when we choose that c, c1, c2 such that
c >
1
8
[
30(2c1)
1/2B
(
5
4
,2
)
+ 4c22 + 15π
]
,
which implies that (2.10) holds, where B(5/4,2) = ∫ π/20 s5/4 sin2 s ds, then, by Theorem 2.2, Eq. (3.17) is oscillatory.
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